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Calculators are too often regarded as devices to produce answers to numerical
questions. Howeven graphics calculator like the Casio CB350GB PLUS is

much more than a tool for producing answers. It is a tool for exploring mathemati-
cal ideas, and we have written this book to offer some suggestions of how to make
good use it when exploring ideas related to algebra.

We assume that you will read this book with the calculator by your side, and use it
as you read. Unlike some mathematics books, in which there are many exercises
of various kinds to complete, this one contains only a few ‘interactions’ and even
less ‘investigations’. The learning journey that we have in mind for this book as-
sumes that you will completdl the interactions, rather than only some. The in-
vestigations will give you a chance to do some exploring of your own.

We also assume that you will work through this book with a companion: someone
to compare your observations and thoughts with; someone to help you if you get
stuck; someone to talk to about your mathematical joutre@yning mathematics

is not meant to be a lonely affair; we expect you to interact with mathematics, your
calculator and other people on your journey

Throughout the book, there are some calculator instructions, written in a different
font (1 ike this). These will help you to get started, but we do not regard
them as a complete manual, and expect that you will already be a little familiar with
the calculator and will also use oGetting Stated book, theUsers Guideand

other sources to develop your calculator skills.

Algebraic Modelling is one of the topics in General Mathematics, mainly because

it is a fundamental idea in mathematics and in the applications of mathematics to
the real world. Using algebra, we can build models of everyday situations and then
use the models to help answer questions we may have. Producing tables of values,
graphs and solving equations are all useful to this emdwifl experience how the
graphics calculator is a useful tool to aid us in these processes.

Although we have sampled some of the possible ways of using a graphics calcula-
tor to learn about this topic, we have certainly not dealt with all of them.

We hope that you enjoy your journey!
Barry Kissane
Anthony Harradine
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Building and using aloebraic
models (linear]

Algebra can be used to describe, in arfiefent manner, situations that
contain quantities thatchange often calledvariables. The beauty of
algebra is that it can describall the possible cases of a situation that
arise from the quantities changing. Once an algebraic description (or
algebraic mode) has been formed, we may use it to answer questions of
interest about the situation.

Change is one of the fundamental concepts of life. Some forms of change are
designed by humans and others by mother nature. Humans design change that has
the highest level of predicabilitiMost situations you will study in this book are
examples of human designed change.

Algebraic models may btormedin a number of ways. One way is by simply
understanding how the change occurs within a situation. The following example is
a case in point.

The costof a single mobile phone
call is variable. The longer the phone
call the larger the cost of the call.

The other variable involved here is oL
time NG
Time changes independently of cost, t‘l} Q’b '
and hence time is called thede- ‘! t"'hﬁ
pendentvariable. The change in ‘tﬁh

cost depends on the change in time %

and hence cost is called tihepend-
entvariable The roles dependent
and independent, can be assigned in many situations where two variables change
in a related manner

The costing involved with mobile phones is very complicated. Many different rates
apply for different situations.

We are going to look at how the cost of a single call, ageldry two difierent
companies, changes depending on the length of the call. The type of call is a call



made from a mobile during peak time to any phone other than a mobile serviced by
the same company as the one making the call. The cost per call, as stated on each
companys web site, is as follows:

Company A: 65 cents peB0 seconds
Company B:  $1.20 per minute, plus a flag fall @b cents

@ Inferaction A

1 Determine the cost of a six minute long call as charged by
a) Company A.
b) Company B.
Repeat part 1 for a fifteen minute long call.
Repeat part 1 for a thirty and one quarter minute long call.
Explain, in words, how you calculated the cost of the calls in part 1, 2
and 3.
5 Make a table of call costs for call lengths of zero to 4 minutes, with
increments of 30 seconds.

A WDN

Your answer to padt of Interaction A should have been something like this:
For Company A, | multiplied the length of the call ( in minutes) 39,
which gave me the cost in dollars.

For Company B, | multiplied the length of the call ( in minutes).Bg and
then added).15, which gave me the cost in dollars.

Note that these processes can be used forip@remd3 and are the processes
that you would useno matter the length of the callle cangeneralisethe
calculation of the cost of a call using algebr&. &n make an algebraic model
(also called aule or function that will determine the cost of a call ahy
length.

Company A

LetC, be the cost of a call (in dollars) ahble the length of the call (in minutes).
The subscript A is a convenient shorthand method of representing Company A.

As the cost of a call equal$.$0 multiplied by the length of the call, then
C, =130t
Company B

LetCg be the cost of a call (in dollars) anbe the length of the call (in minutes).
The subscript B is a convenient shorthand method of representing Company B.
the cost of a call equalg 80 multiplied by the length of the call plus cents, then

Cy = 1.20t +0.15



We could produce a table of call costs, for each compardisplay some indi-
vidual cases. For example:

1 1.5 2 | 2.5
1.3 11.85] 22 |325

L(ming)| &
G.1510.75(1.35]11.85(2.55]3.15

The calculator can be used to displiayan very dicient mannermany specific
casesfor each of thecost functions

The calculator useéfor the independent variable. So, in this case, we need to use
X in place oft. In TABLE mode defind .30X and1.20X +0.15 asY1 and

Y2 respectivelywhereX is entered using th#,0,T key. SelectY2 and use
COLR (F4) and therOrng (F2) to makeY2 orange in colourUse RANG

(F5) to set the calculator to display the cost of calls of whole minute duration
from 0 minute ta30 minutes.

Table Func 4= Table Ranse
Y181, 38 A
V2Bl Z28H+8. 15
Starti@
: End 38
et | FiTch:l |

VG
[ZEL TYPEJCOLFJRAH ) (GEED

PressEXIT and then usd ABL (F6) to produce the table of call costouy
can use the arrow keys to move down and up the table. Notice that the calculator
table agrees with the table above.

Notice that as the independent variable (length
n Tl e .
— AT of call) grows by aonstant addefwhich we
‘ R é:g} have chosen to deminute for simplicity), the
a 3.3 5 dependent variable (cost of call) also grows by
EEzinEL Jri) FoenrLr| @ ‘constant adder( of 1.3 in the case of
Company A and.2 in the case of Compari).
Relationships with this feature are said to be

3.15

linear. Why?
Uiew Window We can also produce a graptCdbr each com-
#min o isz pany First, set the axis end points and scales
vﬁ?ﬁlei?m using V=WIN (SHIFT thenF3). Set the val-
max =48 ues as shown opposite. The choic& afin as
TNITITRIGIETD -10 will ensure the horizontal axis is seen on the

screen. Clearly it is not sensible for a phone call
to cost a negative amount.

PressEXIT and then produce the table agdih6 ).

UseG-PLT (F6) to draw the graph to illustrate the cost of whole minute phone
calls. You can then uséRCE (SHIFT thenF 1) and the arrow keys to explore

the graphs. Use the up and down arrow to change between the two plots. Note the
values for each variable are shown at the bottom of the screen and the function is
shown at the top.

V1=1.30% VE=1, ZOR+E, 15

I
n=g5 ¥=3d. 5 n=gh ¥=30. 15




It should now be obvious why such functions are called liffde points fall in a
straight line when plotted. The line hasastant gradienor slope The gradient

is defined as the change in the dependent variablmpehange in the independ-
ent variable (ow step onx step). This is also known as trate of changeof y
with respect tac. In our example the gradients (or rates of change)1ase per
minute and $.20 per minute respectivelyhese values can also be called rates of
chamgein this example.

If we assume that the phone calls are charged in
a continuous mannghat is if the call takes only
part of a minute then you only pay for part of a
minute and not the full minute, then it would make

- sense to draw a line on the graph rather than just

plot points. Usé-CON (F5) when you have
the table visible to draw such a graph.

Ineraction 8

1.

Use G-CON when drawing the plots for the mobile phone calls in-
stead of G-PLOT. Experiment with tracing each line. What difficulties
did you find?

. Use the table of call costs or trace the graph to find the cost of a call

15 minutes long as charged by both companies.

. Change the pitch, in the table range screen, to 0.25. Describe what

the table that results will display.
Determine how long you could stay on line, with each company;, if you
wanted to spend $5.85 on a single call.

. Determine how long you could stay on line, with each company, if you

limited yourself to $5 for a single call.

. Which company provides the better deal? Explain your answer.

We could answer questiérof Interaction B more simply using a little bit of alge-
bra. We could form two linear equations and solve them as shown below:

Company A

Company B

C, =130t andif the costis to be no more Cp =1.20t+0.15 andif the cost is to be no more
than $5,let C, be $5 than $5, let C', be $5

= 5=1.30t = 5=1.20t+0.15

= 1.30t =5 = 1.20t+0.15=5

N @t:i = 1.20t+0.15-0.15=5-0.15

1.30  1.30 = 1.20t =4.85

= t=38 120, 4.85
So we could only stay on line for 3.8 = E t= m
minutes (correct to 1 decimal place) = t~4.0

So we could only stay on line for 4 minutes

minutes (correct to 1 decimal place)



Inferaction C

1. Form two linear equations and solve them to determine the length of
time, with each company, for which one could stay on line and spend
$20. Verify your solutions using your calculator.

2. Use the calculator to determine the difference between the cost of an
8 minute call as charged by Company A and an 8 minute call as
charged by Company B.

3. Use the calculator to determine the difference between the cost of a
15 minute call as charged by Company A and a 15 minute call as
charged by Company B.

4. Use the calculator to determine the difference between the cost of a
25 minute call as charged by Company A and a 25 minute call as
charged by Company B.

5. Show that the difference (d) in the cost of calls of the same duration
(cost by Company A — cost by Company B) can be calculated by the
function

d=0.1t — 0.15

6. Define 0.1¢ — 0.15 as Y3 in TABLE mode of the calculator (do not
delete the other functions already defined) and produce a table of call
costs for each company and the difference of call costs as seen be-
low. Verify that your answers to parts 2, 3 and 4 are correct.

n | T I |
1.3 1.35 -0.057
2 2.6 2.55 O.05
3 3.9 3.15 DO.l5
y 5.2 U.95 D.25

1
[EAEICEL JRiLl G-CoH[G-FLT

7. Which of the two companies seems to be the better option based on
this simple analysis of mobile phone costs?

Another way to form an algebraic model is by starting with some numbers and

finding a rule that generates those numbers. A simple example like a stick pattern
illustrates this technique well. For example, suppose you were making a line of
squares using toothpicks.

It takes four toothpicks to make one square, two squares need seven toothpicks,
three squares require ten toothpicks... and so on.

HiEEEEEIEEEN

Information like this can be stored into lists to

|List I|List B|List 3| List U]

I [ Y look for patterns in how the numbers change.
g C - Enter theLIST mode of the calculatoiThe
.  f—— screen here shows the number of squaresp (

to5)inList 1 and the number of toothpicks
needed irList 2. Enter this data.

[ZETA [ZRT-0 [DEL [[IEP[IHE




dList 2

[Sum Prodicumd] = | J B

Ans
1
2 3
3 4
u 3
3
[Sum Prodicumd] 3 | O [

One kind of pattern here concerns the change in
number of toothpicks needed for each extra
square. Yu can get dference patterns like this
on the calculator using a special differeng (
command in theist menu. IRUN mode, press
OPTN and activate theIST (F1) menu and
then the difference commarfdg thenF 6 then

F5) followed by 2, to get the differences be-
tween each term in Li&

The screen shows that each differen&e ¢®n-
firming that each extra square needs three extra
toothpicks.

This process would not be sensible, of course, if
the data were not in order or the sequence of
numbers had some missing values.

One use of patterns is to make, and understand, predictions. For example, suppose
we wanted to know how many toothpicks would be needed to make six squares.
Since each extra square needs three extra toothpicks, and five squared fieeded
toothpicks, we can see thd toothpicks would be needed.

Lizt I|List g|List | List u]
1 1 u
g g 1
3 3 10
u u 13
5 5| T 1
[GFHL [GFHE [GFH3

Freauency
Mark Txre :
Grarh Color :
[Ecat [+ [HFF

2

Bac karound
Plat-Line
Anale
Cootd
Gid

[Aute [HMan

~aF (B[ = L

:Hone
tElys
iEa

10n
0ff L

kg

kg

| = [Med [X~8 [=~3 [0 ] I

LinearRea
a:
b =1
r =1
re=1

»=ax+th

[CoFY [ORALI

What if we wanted to mak&)0 squares, how-
ever? A different way of looking at the pattern
may help.

Enter theSTAT mode and pres&6RPH and
then SET to set up a scatter graph in
StatGraphl for the datain List and List2.

These are the settings needed to make the scat-
ter graph.

PressEXITwhen you have entered these
settings

Use SETUP (SHIFT then MENU) to check
that Stat Wind is set toAuto. This will
ensure that the calculator automatically chooses
a sensibly scaled set of axes for this data.

PressE XIT and then us&PH1 (F1) to draw
a scatter graph. The points appear to form a line.

To check that the points do in fact form a line
exactly pres (F 1) which will give us the rule
for the line of best fit and tell us if the points
form a perfectly straight line.



Investigafion:

The screen shows that the lipe 3z + 1 fits the data exactlwincer = 1. This
(r) is the correlation co€ient. You will learn more about the correlation doef
cient next yearlf r is reported a$, we have a pattern that is exactly linear

You can als®dRAW (F6) a line through the
scatter plot to illustrate the linear nature of the
points. The screen shows that the graph goes
through all of the data points.

| = [Med [X~8 [=~3 [0 ] I

Note, howeverthat the points on the line in between our data points have no
meaning in this context.

The ruley =3z +1, allows you to predict how many toothpick$ ére needed to
make various numbers of squarek (

So, to maka00 squares, you will need=3(100) + 1 =301 toothpicks.

Inferaction [

1. Explain, with a diagram, why each extra square in the pattern needs
three extra toothpicks.

2. According to the pattern developed above, how many toothpicks would
be needed to make 8 squares? Check your answer by using tooth-
picks (or drawings of them) to make the squares.

3. Instead of a single story line of squares let us consider a two story line
of squares. Each diagram is considered as a level, the next level be-
ing produced by adding two more squares.

HEEE |
I I I

Determine the rule that links y and x, where y is the number of tooth-
picks required and x is the level number. Use your rule to determine
how many toothpicks would be needed to build level 200.

4. Explain why the rule y =2(3x + 1) would seem sensible for the pattern
found in question 3 at first glance, but is in fact wrong.

If Company A, from our mobile phone example, was to reduce its rate to
50 cents per minute, how would the graph of cost of call by time change?
If Company B increased its flagfall to 25 cents, how would the graph of
cost of call by time change?



Using @ sfep funcrion

The algebraic models in the previous section are useful for
understanding some aspects of the costs of mobile phone calls.
They are, howevera little less complicated than what happens in
practice — which is often the case for modelseWill now look at a
more realistic pair of models.

Consider what would happen if the mobile phone companies changed the way they
charged ever so slightly to:

Company A: 65 cents per30 secondor part thereof

Company B: $1.20 per minutepr part thereof plus a flag fall ofi5 cents

The phraser part thereof changes things a little. No longer can we use a con-
tinuous linear function to model the cost of a call. In this situation, unlike before, the
cost of at-minute call with Company B is the same as a three and one half minute
call or a.2-minute call or any length of call greater tl3aminutes but less than or
equal tol minutes. Such situations can be modelled usstgtunction.

A table of call costs can be formed for Company B.

0.15)11.35|1.35[2.55|2.55|3.75

A graph that displays the table of values would look as follows:

The step like image gives this type of function its name.

Cs (3) 44
3
o
2
1
ot

0.5 1 1.5 2 25 3 35
Time (min)



=) Inferaction ¢

e

1. Make a table of values and draw a graph, on graph paper, that repre-
sents how the cost of a call will vary, for a length between zero and
three minutes (show 15 second intervals on your table and graph), as
charged by Company A.

2. Draw the graph of the step function for Company B on the same set
of axes that you used for Question 1.

3. Determine the charge for a twelve and one quarter minute phone call
as charged by both companies.

Working out the rule for a particular step function is sometimes a tricky business.
For the two company charges, the rules are:

Company A: C, = -0.65 [-2t]
Company B: Cg=-120[-] +0.15
The [ ] brackets refer to a function called tireates integer funcion.

This means: find the greatest integer that is less or equal to the number in the
brackets. S0,3[18] =3 and £.7] = 4

When entering the greatest integer function into the calcuth®onotation used is
not the {] brackets but thdntg (t). Therefore the rules become:

Company A: C,=-065Intg (-2t)
Company B: Cg=-120 Intg (-¢) +0.15
In TABLE mode define-0.65 Intg (—2X)

JEeisadne TS and-1.20 Intg (-X) + 0.15 as Y4
Ezéjﬁﬁa?iéﬁ and Y5 respectively You can access thatg
pdB-B.65Inla (-2K) command by pressim@P TN thenNUM (F5)
el S and finally Intg (F5). You will need to have

definedY1 andY2 as shown opposite.

Note that three of the equal signs appear different. The dark square around the
equal sign off 4 andY5 means they are the only ones for which a table will be
produced. @ achieve this, highlight each function in turn, and3kke (F1) to
de-select each of them. They will be de-selected when their equal sign does not
have a dark square around it. It is sometimes best to de-select rather than delete
functions as you may need to return to them |dtedelete unwanted functions,
highlight them and useEL (F2).

Use SEL (F1) to selectY1 andY4. Use RANG (F5) to set the values as
shown belowPressEXIT and then us@ ABL (F6) to produce a table of1
andY 4 values. Check that it agrees with the tables you completed earlier

i il Yy

;able Ranae
[MITT D.2166 u.ssl
EEET

Startid 0.3333 0.4333 [0.65
End =5 D.5 D0u65 DaB5
Fitchil.g D.5EGE O.BEEE 1.

3
H. 166665
FEEIDEL JRiL, E-coH[GFLT

Set the viewing window parameters as shown below and thehAlde (F6)
and therG-CON (F5) to produce a graph of the call cost by timeu ¥an trace
these functions, as shown in the on the next page.



Ligw Window Yd=-H,65Inta (-2x2

max =§
scaletl
Wmin =2-1
max =I5

=cales

1
[IHIT TRIG[ETD %=0.EEIY92063UT ¥=1.3

Notice that both the table and graph illustrate how the two different charge schemes
that we have studied, for Company Afelif Note also that, whes CON is used,
the calculator does not draw a step function quite correctly

Interaction F

1. In GRAPH mode use SETUP (SHIFT then MENU) to set the Draw
TypetoPlot. Press EXIT and use SEL (F1) to select Y4. Use
Draw (F6) to draw the graph of Y4. Explain how this graph of Y4
differs from the ones produced by G- CON andG-PLT in TABLE mode.

2. Which of the three graphs looks most like the conventionally correct
graph seen on page 127?

3. What is misleading, with respect to call costs about the graphs of Y 4
produced from G-CON and G-PLT?

4. Trace the graph of Y4, produced in GRAPH mode, to see that phone
calls greater than 0 but less than or equal to 0.5 of a minute cost
$0.65, while those greater than 0.5 of a minute but less than or equal
to 1 minute cost $1.30. How is this different from the case for Y17?

5. In GRAPH mode graph Y2 and Y5 together, making them different
colours. Explain how the graph displays the difference in the two
methods of charge.

Now re-focus specifically on the new charging method for calls made with com-
pany A and company B.

Inferaction 6

1. In GRAPH mode select both of the Intg functions (Y4 and Y5) and
make them different colours. Use DRAW to produce two graphs on
the same axes. Explain how the graphs illustrate the difference in the
two charging methods.

2. Use a table of call costs or trace a graph to find the cost of a call 15
minutes long as charged by both companies.

3. Determine how long you could stay on line, with each company, if you
wanted to spend no more than $5.85 on a single call.

4. Determine how long you could stay on line, with each company, if you
wanted to spend no more than $5 on a single call.

5. Which company provides the better deal under these conditions?
Explain your answer.

|"VES“gﬂ“0" Visit the web sites of at least two mobile phone call providers and explore
the complexities that determine the amount of the bill a mobile phone
owner receives.



Variables (quantities that can vary) are usually represented by a single
letter. It is important that you understand that a lettewhen used in
this way is taking the place oany number.

For example, the time it takes you to eat your lunch is a variable, since it will be
different on different occasions.

Your calculator represents variables with capital le&eBsC, ... . INnRUN mode,
you can store a specific value for a variable by using the arravjustabove the
ON key. To get the letters on the screen, you need to press thé pRiRA key
first. The calculator can store only one value for a given variable at a time.

In this screen, a value @B has been assigned

LA 13| to the variableé.
A+2
131 Then notice thaa + 2 has the value af5.
The calculator keeps the same values for vari-
ables after you clear the screen or even turn the
calculator off.
2A-1+B
5 23| When2A -1 is assigned as the value for the
- 25| variableB, it then has the valu.
=2 Notice that, as in algebra, the calculator inter-
pret2Ato mear2 xAandB? to represer x B.

Inferaction H

1. Work out what the values of P and Q must have been for this screen
to be produced in RUN mode. Explain your thinking to your partner.
Then use your answer to produce a screen exactly like this one.

Ftz
5
P
2
P+




2. What values of the variables will give the following screens? Check
your thinking by reproducing the screens exactly. Explain your think-
ing in a few sentences.

A+23E F+H
& 16
B M-H
& @
A+E
1@
PR TR
3 11
T+K Y
5 3
MY
5

3. Make up some more screens like those in the previous two ques-
tions. Show them to your partner to see if they can work out what you
set the values of the variables to be.



It is important for you to realise that a graph on a calculator depends
on the rule used and also on the scales selected on each axis. The same
is true for graphs drawn on computers or drawn by hand. So you need
to choose scales carefullyand understand their décts.

The screen on your calculator is almost (but not quite) a rectangle that is twice as
wide as it is high.

Tien Windon DefineY 1 asz + 2 and set the view window as

“min  i-4 shown opposite.
max &
vﬁ’iﬁl‘?; }1 Draw the graph ofY 1. Your screen will look

max i like the one following. The graph is a line, slop-

M ing up from left to right. The graph intersects the

y-axis at (,2) and theg-axis at (2,0).

For this graph, it looks as 1f unit takes up the

same distance along each axis. Hensguae

graph is produced.o0 may not have expected

/ this to occur given that the distance between the
min andmaxfor theX axis is twice that for the

Y axis. This is almost what the graph would look

like if you drew it on graph paper with a scale of

1 square % unit on each axis. For this particular

graph, in fact, the line seems to bd%atlegrees

to each axis.

One way of seeing the ‘squares’ is to turn on@heé d in theSet Up menu, as
shown belowThen when yoli XI T and draw the graph again, a grid of points is
shown corresponding with your scales. In this case, the grid shows small squares.

Backaround = Hone T o :
FloL-Line tElus P .
Anale ihea
Coord 0N

oS Ty

Label SO T L

[on [oFf




Now change the view window settings to those seen below

Ligw Window
min 2 -

max =5
scaleil
“min 5-2

max  i9 -
e it oec sl N A
If we draw the graph of 1 again we get the graph shown here.

Note that the ‘squareness’ of the graph has been lost, as the grid shows. Now you
can see small rectangles instead of small squares. The graph is still a line, sloping
up from left to right, it still intersects theaxis at (,2) and thez-axis at (2,0).but

now the lineappearsto slope diferently. So, to interpret the graph on the screen,
you need to make sure that you know what scales have been used.

In fact, the screen of the CF850GB PLUS is noexactlya2 by 1 rectangle. It
has127 square pixels left to right ar@8 square pixels top to bottom. A ratio of
127: 63 is very close to, but not the sameas].

The easiest way to choose a scal e for which the units on each sisetigthe

same, which is sometimes convenient, is to start witl Bl view window This

choice has the extra advantage that convenient steps for tracing a graph are obtained
automatically

Inferaction |

1. Define Y1 as x + 1 to draw a graph of y = x + 1. Set the view window
so that a square graph is produced. Describe the resulting graph.

2 Change the view window values so that a graph is produced that ap-
pears to slope less steeply than that produced in question 1. Change
the values again to produce a graph that appears to slope more steeply
than that produced in question 1.

3. Draw graphs ofy =x + 2 andy = 1 —x together using the same INIT
view window. Then draw the graphs again, for -3 < x < 3 and
—3 <y < 3. Describe how the relationship between the graphs changes
when the scales are changed.

4. Draw a graph ofy =x—1inthe INIT window. Then choose the STD
view window and redraw the graph. What aspects of the graph are
changed? What aspects remain the same?

5. Draw a graph of y = x + 1/2 in the INIT view window. (You can use
the fraction key to write 1/2.) Trace the graph to find the y-value when
x = 1.5. Do the same using the view window that we started with in
this section and that is exactly a 2 by 1 rectangle: -4 < x < 6 and
—1 <y < 4. Describe any differences you notice.

6. Tayla wants to draw a graph of y = X, and expects to get a line at 45
degrees to each axis. Which (if any) of the following choices of scales
will achieve this?

(a) —4<x<4 and -—-4<y<4
(b) -126<x<126 and -62<y<6.2
(c) -94<x<94 and -3.1<y<3.1

(d) -315<z<315 and —155<y <155

Test your predictions by trying them out. Give another possibility that
will achieve the desired effect.



Investinating constant rafes o
change

The idea of rate of change of one variable with respect to another is an
important one in many areas of life. Rates of change can be positive,
negative, zero, big or small. When the rate of changecmnstant we
have a situation that can be modelled with a linear model (or function)
— like the mobile phone calls or the stick pattern.

We will now investigate the fefct of the value of a constant rate of change on the
graph of the corresponding linear function.

All linear functions have the form
y=mx +b

wherem is the value of the constant rate of change (or slope/gradient/constant
adder) and is the value of for z =0 (eg. the flag fall).

TheGRAPH mode allows us to produce graphs of functions without first having to
produce a table of values as in th&BLE mode. (The calculator actually does

produce a table but does not show it to us.)
We will investigate the functiop=max + 1 for a variety of values ah.

From theMAIN MENU select theGRAPH (5) mode. Ybu may find that some
functions exist in this mode alreadyhey will be the ones that you defined in the
TABLE mode earliefFunctions defined iIRABLE mode will appear in theRAPH

or DYNA modes — or vice versa.

UseSET UP (SHIFT then MENU) to ensure the settings for this mode are as

follows:
: Flot-Line tEBlue= T
rarF unc LR Anale ihes
Cwial Screen S011 Cootd t0r
Simgl Grarh (011 Grid t0ff
Derivalive :0ff Axes=s Iy
Backaround = Hone Label tO0ff
FlotL-Line iBlue L nlearal.lon :Gauss
[Con [Flot

With each function highlighted in turn, either (el (F 1) to de-select each of
them or us®EL (F2) to delete them. Whave deleted them.
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Ligw Window

max
scaleil
“min =-3 1
max 3 1
=scales

[IHIT TRIG |STD

/

DefineY1 asOxz +1, Y2 aslz +1 andY3 as

2z + 1. Before drawing the graph of these func-
tions we must tell the calculator what scales to
use for the axes of the graph.

Use V-Window (SHIFT then F3) and then
INIT (F1) to set the view window param-
eters as shown oppositENIT stands for ini-

tial and produces a set of axes with the same
scale on both the horizontal and vertical axes
and gives a nice result when tracing.

Pres€XIT and then usBRAW (F6) to draw
the graphs of the three functions.

It should be easy for you to distinguish between which line corresponds to which
function here. ¥u could, howevemake each line a ddrent colour so you could
be sure. Tacing the lines will also allow you to check which is which.

Inferaction J

1. Define Y4 as-1x +1, YSas-2x+ 1, Y6asx+ 1, Y7as-x+1, Y8 as
4x + 1 and Y9 as -4x + 1 in the calculator and draw the graphs of them
and the ones above all at once. Give the values of m and b for each

function.

2. Describe the effect that changing the value of m from a small positive
value to a large positive value has on the graph of the function.

3. Describe the effect that changing the value of m from a positive value
to a negative value has on the graph of the function.

4. If the rate of change is zero, explain why the graph that results is

horizontal.

Instead of defining many different functions to test the effects of changing
values, we can use tBynamic Graphingbility of the calculatonve will inves-
tigate the functiony = mx + 1 for a variety of values oh again.

IH MEHLI sigsseses
MAT JLIST JGRAPH

[i:-:l]

=

D%'HA 'I;HBLE RECUFR COHICE ERLIA

(AN Lk s
k] " II '1 a:-::

el

Select theDYNA (6) mode from theMAIN
MENU. This is called theDynamic Graphing
mode.

Again, you may see some functions in the func-
tion list from previous use. USEEL (F2) to
delete each function.



Use SET UP (SHIFT thenMENU) to locate the set-up screen for this mode.
Ensure all the settings are as shown befnesEXIT.

OCLUsS il

Draw Txre :Connect
Grarh Func =0k
Backaround :Hone
Anale i[ea
Coord :0n A
[Cht [EtaF

Grarh Func :0n T
Bac karound Hone
Anale i[ea
Coord t0r

Grid IR

Hxes HATy

iDn iﬂff

Denamic Func:bs=
Y1 BM-+E

Y5
VG
[ZEL TYFE

/AR JE-TH ] [

Uiew Window

max =6.

=calesl
Ymin =-3.1

max

=cale:l

[IHIT MRIG[ETD
YW1=M=+E
Denamic War WM -~ |
E=1
| = ]
[ZEL [TTA JIm [FuTo [D¥HA
Y1=M=+E

Hynamlc Ranae

i 7

Fitchsl

Speed Control
Denamic Sreed & 11E

(=T :

Hormal = F

Fa=st H

ZEL

YW1=M=+E ‘

M=-5

Define Y1 as MX+B. Use theALPHA key to
enter theM and theB.

UseV-WIN (SHIFT thenF 3) to set the axes
limits and scale as shown opposit!T will do
it). PressEXIT when you are done.

UseVAR (F4) to select which valué| or B,
you want to varyHighlight M and pressSEL
(F1) to select it. Set the value Bfto 1 and
pressE XE to confirm your choice.

Now useRANG (F2) to set the range of the
values that you would like to have ftfr Set
them as shown.

PresseXIT.

Use SPEED (F3) to set the speed at which
the different

graphs ofY = MX + 1 will appear Highlight
Stop & Go and pressSEL (F1).

PresseXIT.

Now presDYNA (F6), and afterOne Mo—
ment Please!’ a graph will appear — that
for M = -5. PressEXE several times to
cycle through the values chosen lfor

Rather than manually cycle through thealues you can automate this.
Press theAC/ON key and change the speed to sl¢Ww2). Sit back and think!

PressAC/%N to stop.

You can see the graphs another wargs€EXIT twice and us€ETUP (SHIFT
then MENU) to arrive at the set-up screerurif the LOCUS option ON. Press

H



Investigafion:

EXIT and then produce RYNA graph again. The graph below should result.
The moving blue line shows the graph for thealue shown.

Drnamic Trre:Stor Y 1=M=+E

raw [»Fe Connec
Grarh Func =0k
Backaround :Hone

Anale i[ea
Coord :0n A
[on [0Ff M=1

Interackion Kk

1. Draw a sketch (by hand) to illustrate the difference betweeny = 4x +
landy=10x + 1.

2. Draw a sketch to illustrate the difference between y = -1x + 1 and
y =-10x + 1.

3. Draw a sketch to illustrate the difference between y = 2x + 1 and
y =-5x + 1.

4. Produce the dynamic graph again for Y=MX+B. What do you notice
about the angular displacement of the lines as the M value changes
by 1 each time.

Once a graph is drawnSQR (F2) can be accessed by pressid®OM

and then the continuation keyF6). It will give you a so called square
graph (no matter what the view window is set at), one that resembles a
hand drawn graph with the same scale on each axis. Hence a slope of 1
will look like a slope of 1 (ie. 1 unit right then 1 unit up) with respect to
the axes. It does, howeyemake the values obtained when tracing not
particularly nice. Experiment with thé§QR command when you draw
graphs and do not start witANIT settings for the view window

ot



Investigafing the flag fall
[vertical infercept]

The flag fall is an interesting concept. In our mobile telephone study
Company A chose not to charge a flag fall while Company B charged
15 cents. Essentially a flag fall, in this case, is a charge you pay for
no service(the amount a call would cost that had a duration of zero
minutes). It may seem hard to justify such a charge in some instances.

When you use a taxi you are charged a flag fall. When you get into the taxi the
meter starts at a figure greater tha@nl$is a fixed charge each customer pays to
contribute to the costs of maintaining the taxi, regardless of the distance travelled.

Imagine that the flag fall for a taxi i8 $0 and the charge for travellingd8 cents
per kilometre. W could formulate the following relationship:

C =0.80d + 3.50

whereC is the cost of a trig kilometres long. A table and graph for this situation
produced on the calculator looks as follows.

= L

H
[EARICEL JRiLl G-CoH [G-FLT

The graph cuts the vertical axis at the poins.6). Hence the vertical intercept

(or they-intercept) is said to b&5, which of course corresponds to the value of
the flag fall.



Inferacrion L

1. Use the DYNA mode to produce a dynamic graph of y = mx + b
for m = 3 and b values ranging from -5 to 5. You will need to set b to
be the dynamic variable.

2. Write down the main difference between a graph of a linear function if
b is positive compared to one for which b is negative.

3. How will the graph of y = mx + b change if m is constant and b is
changed from 4 to 10?

4. How will the graph of y = mx + b change if m is constant and b is
changed from -4 to -107?

|ﬂVES“ﬂﬂ“0ﬂ Carry out some research to determine how the charge for a taxi trip is
actually calculated. Is a continuous linear function an appropriate model? Is
distance travelled the correct independent variable? Use the information you
find to build an appropriate algebraic model and produce a graph for this
model.

o4



sold them for %0.

He wondeed how many bods he would have to sell beéohe boke
even, that is until the incomeofn selling boads equalled the initial

Consider the following simple business situation.

When a business is first set up the owner must outlay an amount of
money for which there is no immediate return. This is the money that
pays for the initial purchase of machinerynaterials and the like. This
initial outlay is like a flag fall. Once the business is producing and
selling goods, it has other costs as well as the initial costs, but also has
an income. Hence the initial outlay can begin to be recouped. Most
people are interested to know how much product they need to sell before
theybreak even— that is whenncome is equal to the initial outlay

Last holidays Jyron was boed. He decided to sthm little business in
which he made and sold skatebdsr
He had to set up his Dalshed with tools and a bench which cost him
$500. Each boad he poduced cost him3p to make. Once made, he

outlay and the cost of making that number of bdsr

The cost ') associated with the number of boar@stiiat Tyron makes can be

modelled by
C =300 + 500.
The income [) associated with the venture can be modelled by
| = 500.

Define both of these functions in tAABLE mode of the calculatofhen pro-
duce a table that will allow us to see how many boaydsnTwill need to sell to

break even. Our table looks like the following.

)

Takble Func Y=
Y B3RA+3EE i il 2
Y 2ESE 23 1130 1150
_ 2u 1220 I200

H = 1250 1250
32 * I2E0 1300 -+
[EMIOEL JTYPEJCOLE]RAHL] T [FiRH RO Fi-CioH [G-FLT




It looks like he must sefl5 skateboards to break even (Yd. = Y2). We could
discover this in another way

Enter theGRAPH mode of your calculatohe two functions just defined will be
present. Set the view window of the calculator as shown bélaw draw a
graph of the two functions.

Ligw Window

max =
scalet 18
Wmin  f4EE

max =3888
=cale: 166

[IHIT TRIG[ETD

Note that the same values for cost and income that we saw in our table are illus-
trated on this graph as a cross over point (more formally callgubthieof inter-
section)of the two lines that illustrate the functions.

T1=SERI50E We could trace the lineSSHIFT thenF 1) to

find the point of intersection. The accuracy of
this method depends on the scale you are using.
A more accurate way is to use the calculator
function that automatically finds the coordinates
of the point of intersection.

H=25. 436507936 V=1263. 0952381

W =20 +5ER With the graph showing on your calculatose
E=alks G-Solv (SHIFT thenF5) to accessISCT
(F5).ISCT stands for intersection.al, and
a moving cursor travels along one of the lines
e o ' until it reaches the point of intersection.

Again we see thatyfon would need to make and s2il skateboards to break
even. Both cost and income ar25%0.

We could also achieve this result by solving an equation. Clearly to break even,
income must equal cost, so

income = cost
= 50b = 30b+4 500
= 50b—300b = 30b+ 500 — 30D
= 200 = 500
20b 500
= 20 T 0
= b = 25

You now have three ways to solve a break even problem.

2b



Inferaction M

1.

Determine how many boards Tyron will have to sell to break even if he
sells the boards for:

) $35
i) $40
i) $60

. What would the selling price need to be to break even after selling just

one board?
What selling prices will result in Tyron never breaking even? lllustrate
these situations graphically.

. Tyron’s dad decides his son is onto a good thing and decides to get

into the business of making and selling skateboards. He sets up a
factory at the cost of $40 000. He is able to make the boards at the
cost of $20 per board. The selling price is set at $60 per board —they
are a bit flasher than the Tyron originals. Determine how many boards
that Tyron’s dad must sell before he breaks even.

27



Chec

Hing equivalence

From the solving of equations you have seen in this book you should
have realised that algebraic skills are important. Sometimes it is helpful
to replace algebraic expressions witbquivalent expressions, which
have the same value faall values of a variable. & will have learned
many rules for doing this in your earlier studies of algebra.

For example, consider the (complicated) expression:
1+52%+ 3z +9—2° -2z + 11z — 14

To find the value of this expression whan= 4 requires many separate
calculations:

1+5x42+3x4+9—-42-2x4+11x4-14=108

It is easier to first change the expression into an equivalent expression. In this
case, you can collect together like termsto produce simpler versions. For this
expression, there are three sorts of terms, those involving numbers, those involving
the pronumerat and those involving?:

14522 +3x+9—22 -2z +11lx—14=(1 +9—14) + 3z —2z +11z) + (5> —2?)
= (10 —14) + (z + 11x) + (2?)
=4 + 12z + 422
So an equivalent expression to the original one is
472 + 12z — 4.
To evaluate this expression foE 4 is much easier than before:
4x42+12%x4-4=108.

Since there are less calculations to do, it takes less time to do them and it is less
likely that you will make a small error



Inferaction N

1. See how long it takes you to find the value of the expressions:
1+ 5x2+3x+9—x2—2x + 11x — 14 and 4x? + 12x — 4 for some
different values of x. Try x = 3, x =5 and x = —2. How much time is
saved by using the shorter equivalent expression?

2. Find an equivalent expressiontoa —3a2 + 13a + 6 —a2—8a+ 5a—9.
Test your result with three different values of the variable a.

3. Checktoseeif 5—t+ 11t2— 4t + 12 — 9t2 = 2t2 + 5t + 17. (If you
conclude that the two expressions are not equivalent, change the sim-
pler one so that they are equivalent.)

Your calculator will not produce equivalent expressions for you — you will have to
do this yourself, using the rules you may have learned before (such as collecting
the like terms, using the distributive propednd so on). Howevgyoucanuse

your calculator to test whether two expressions seem to be equivalent or not.

For example, consider the two expressignge + 3) and2x? + 6. If these are
equivalent, they should have the same valuarfigwvalue of the variable.

One way to test lots of values of the variable is
to use a table of values. Enter TieBLE mode.
UseDEL (F2) or SEL (F1) to delete or to
de-select any functions already showing. Then

WE: _ enter the two expressions into the function list,
[EC MEW WA EIAETRTREL | |\ging theX , 0, T key for the pronumer.. The

Table Func 4=
V1EZsCA+ED
YEEZAEHEX

|

screen here shows the two expressions defined

asY1 andY2.
JAnle Ren=e To construct the table, you also need to choose
. some values for the variable, The screen here
Start:s . .
End =2@ shows values fromto20, going up in steps af5.
Fitchil.5
Construct the table, usingABL (F6). The
i I i screen at left shows that the two expressions
= N age have the same value (seen in colunfisand
D e T Y 2) for each value af. You can use the down
I| arrow to check the values of each function for
EERIDEL JROL G-coH [G-FLT

otherx values not yet shown on the screey. T
to find anz value for which the functions values
are different.

So it seemdikely (since you could not find an value for which the functios’
values were different, but have not trietl = values) that the expressions are
equivalent, that i9x(z + 3) = 222 + 6.

However to makesure that they are equivalent, you will have to use your alge-
braic skills (especially the distributive property).

The screens on the next page show another example, to test the equivalence of
32(z — 1) and3z? — 1. Notice that the calculator can only work withas a vari-
able, so you need to test the equivalehde — 1) = 3z — 1 instead.

2d
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9.5 ZU2.25 2659.15

-
o

=t =
[EMIOEL JTYPEJCOLE]RAHL] T [EEI0EL JRL)) F-coH [G-FLT

In this case, the screens clearly show that the two expressions in cdlLisamgY 2
have different values for a given valuerofSo the expressions aret equivalent.

Your calculator cannot be used to prove that two expresmieaguivalent; but it
canbe used to prove that two expressionsatequivalent. If you fingeven one
value for which the two expressions are not equivalent, then that is enough to
prove that they areot equivalent.

You can also useUN mode of your calculator to makeyaick checlon whether

two expressions are equivalent. The two screens below show how to do this, using
the equals signSHIFT and decimal point). When you enter two expressions
with an equals sign in between, the calculator will tell you whether the equality is
true (by printing d) or false (by printing 8).

2RUATII=2HEHER 1 ZmiE—10=ErE-1

The calculator only checks one valuexofthe value previously assignedXg,
however so it cannot always be trusted to tell you that expresaiemsjuivalent;
as before, itanbe trusted to tell you when the expressionsatequivalent.

PETHA One way to make the calculator check more
ST =T B G 8| trustworthy is to first assignadigit integer as
the value of the variable used, as the screen op-

posite shows.

This will make it extremely unlikely (but still not impossible) that your calculator
will report that two expressions are equivalent when in fact they are not.

Interaction 0

1. Use a table to decide whether or not (x + 3)% = x*> + 9. Explain your
result fully in a few sentences.

2. Jarryd wasn't sure of the result of expanding 5x(2x + 1). He got a
result of 10x2 + 5x, but his friend Meg got 10x? + 1. Then, to make
matters worse, Peter claimed that the answer was 15x3. Who was
correct? (Or are they all wrong?) Give the correct result and explain
any errors the students have made.

30



3. Notice that (x—1)2=x2-2x+1
(X—2)2=x2-4x+4
(x—3)2=x2-6x+9
(x—4)2=x?-8x+ 16

Use these observations to predict the expansions of (x — 5)2 and
(x — 7)2and (x — a)?. Check your predictions on the calculator.

4. Kaye was confident that the result of multiplying 3x2 by 5x was 8x3, but
the answer in the back of her algebra book was 15x2. Use your calcu-
lator to check these two answers and decide which one is correct.

5. Assign zero as the value for X (using the arrow key, which is right
above the ON key). Then explain the results of entering the following
equalities on the calculator:

2x x 5x = 10x?
6x3 x 2x = 12x3
X(x — 2) = —2x2

Another way to check to see whether two expressions are equivalent is to use a
graph. If two expressions are equivalent, they will have the same values for all
values of the variable, and so they will have the same graph.

Enter GRAPH mode and then usBETUP (SHIFT then MENU) to check that
theDraw Type is set toConnect. PressEXIT and then delete or de-select
any functions in the function list, in the same way ad foaBLE mode.

Consider again the two expressidhgz — 1)

i and3a? — 1.
YV2ESHE—]1 . . . . .
_ To see if they are equivalent, first define a pair
WET of functions using the two expressions, as shown
Y51 ; )
[ZEC (AW P I R e | D the screen. Make the graph of the second func
tion orange.
UseV-Window (SHIFT thenF3) to choose
\ // the INIT settings for the scaling of the axes.
Draw graphs of the two function, usiBdR AW
(F6). The screen here shows that the two

graphs are different for most valuesiof
The two graphs have the same value for only one valugioffact,z =1/3).
So, the expressions cannot be equivalent far. all

In this case, you should realise thafr —1) =3z(x) —3x(1) =322 —3z. So, the two
expressionsz(z —1) and3z? —3x are equivalent. That i8x(x — 1) = 3z — 3.

If these two expressions are graphed, as shown pelitkv the second graph
again coloured orange, both graphs will be the same. This illustrates the equiva-
lence of the expressions.

Grarkh Func W=

Y1BIZHCE—1

YZEESHE=FR

Ee =i
e

ETMUEL JTHPEJCOLF SHER) T

3



Watch the screen carefully to see that the second (orange) graph falls exactly on
the first graph. If you did not know the expressions were the same to start with,
drawing graphs is a way to tell for sure that they are different or get an indication
that they may be equivalent.

Inferaction P

1. Use a graph to decide whether or not (x + 1)?> = x* + 1. Explain your
result fully in a few sentences.

2. Notice that (X+1)2=x2+2x+1

(x+2)2=x>+4x+4

(X+3)2=x2+6x+9

(X +4)?=x%+8x+16
Use these observations to predict the expansion of (x + 5)2 and
(x + 7)2. Check your predictions by using graphs on the calculator.
Start with the INIT screen but change the Y scale to go from O to 50.

3. Use a pair of graphs to check that x2 + 2x + 4 = (x + 1) 2 + 3.

Use this result to complete the equivalence x> + 2x + 7 = (x + 1) 2 + 2.
Check your guess by graphing.

4. Draw a pair of graphs to verify that x(x + 1) — x(x — 1) = 2x.
Then expand the expression on the left of the equals sign to prove
that these two expressions must be equivalent.

5. To check whether or not (x+2)(x+2) = x2 + 4, Jennifer defined each
expression as a function and drew a graph of each using the INIT
setting for the scaling of the axes. She was in a hurry and forgot to
use different colours for each function. Her conclusion was that the
two expressions were equivalent. Do as Jennifer did — was her con-
clusion correct?

|"VES“[|ﬂ“U" One moe than the pwduct of any four consecutive integecan be
expressed algebraically as(xz + 1)(z + 2)(z + 3) + 1. Use the table to
investigate the values of this expression, no matter what the value of
Find an equivalent expression farf(x + 1)(xz + 2)(xz + 3) + 1 which illus-
trates the special feature of all its values.

iz



Many other types of algebraic models exist apart from linear models. Some
are very complex, are quite hard to make and may involve more than two
variables — but actually perform very simple jobs that we can all
understand. Sometimes referred to asoamula, we will look at some and
see how the calculator can be used effectively when we work with them.

The most common kind of formula shows how the value of one variable is related
to others. For example, a formula for the volume of a cylinder is

V =nrh.

In this formula,V stands for the volume of the cylindeistands for the radius of
the base of the cylinder andstands for the height of the cylinder

T Your calculator can be used to give a value to a
3.3| variable so that it can be used in a formula. The

15.4| screen here shows the value3df being given

to r, the radius of the cylindeand18.4 being

given toh, the height.

15.4+H

Notice that the calculator memories are labelled
with capital letters.

T 540 The volume can be found by calculatingh as

3.3| the screen shows. A cylinder with radduscm
= 12.4| and heightl8.4 cm has volume approximately
i TEE. 1149841 | 70811 cm.

Notice thatrr?h meanst x r? x h on the calcu-
lator, as for standard algebraic expressions.

15.4+H

Once values for andh have been stored in the calculatbey can be used in
other formulas too.

Interaction 0

1. Use the values of r = 3.5 cm and h = 18.4 cm to find:
() the area of the top of the cylinder, given by A = ar2.
(i) the area of the curved surface of the cylinder, A = 2zarh.
(iii) the volume of a ball that just fits in the cylinder, V = 4/3xr3.
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2.

3.

A cylindrical jam tin has height 10.5 cm and radius 3.7 cm. Use formu-
lae to determine its volume and the amount of metal used to make it.
Measure the height and volume of a soft drink can and use the meas-
urements to determine the capacity of the can in mL. Compare your
answer with the quantity shown on the label.
Assign a value to M in your calculator. Find the value of each of the
following and then explain the similarities and differences between
their values:

3M, MMM, M x M x M, M3and M + M + M.
Then repeat by assigning a different value for M and check that the
same similarities and differences exist.
You will do a considerable amount of work with formulae in both our
Measurement and Financial Mathematics books.
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50lving equarions related fo
populafion groweh

2

We have already used some equations earlier in this book.ake now
going to look at some equations that are a little more difficult to solve
than the linear equations we used.aMave chosen to look at equations
that are useful when modelling the changes in populations.

The growth of a population, like the population of Australia, can often be modelled
with the formula,
N=P@1+7r)"

In this formula

N stands for the population sizeyears from now;

P stands for the population size now;

r stands for the annual rate of growth of the population; and

x stands for a number of years from taday

Like all models, this model depends on some assumptions. The main assumption is
that the population growth rateis the same every yeakny results obtained

using this model depend on this assumption. Although we know the assumption is
usually not true, it still allows us to get a fairly good approximation of how a popu-
lation grows in size, especially for a fairly short time period.

Growth rates are often given as percentages, such 2$%. You need to use a
decimal value for in the formula; in this case=0.025.

You can tell that this model showgponential gnwth, since the variable is an
exponent in the formula.ot might notice that the formula is similar to that used
for compound interestV = P(1 + r)V. The mathematical ideas are the same.

Inferaction R

1. Give some reasons why the population growth rate for Australia might
not be the same every year.

2. Consult Yearbook Australia or some other official source to find the
population of Australia and the annual growth rate for last year. (The
Internet site of the Australian Bureau of Statistics is a good source.
The URL is http://www.abs.gov.au)

3. Use the formula and the growth rate found in question 2 to predict the
population of Australia ten years from now.



When formulae are used, it is often necessargotee an equationto answer
interesting questions.

For example, the population of Australid 499 reached9 million, and the annual
growth rate was reported by the Australian Bureau of Statistics 103Bb& In
what year will Australias population grow t®5 million?

If you substitute these values into the formula, you getamation
25=19 x1.013"

To solvethis equation, you have to find which values pif any, make the equa-

tion true. In this case, an approximate answer will do, since we know that the
model is only an approximation anyway and also an answer to the nearest year or
so is probably all we require.

e LT L Rt One way to sol've the equgtion is to try some
values forz until the result is close t@5. A
quick way of doing this on the calculator is shown
in the screen.

B EPTIEFENFE = | The question mark comes from tlRRGM
(SHIFT VARS) menu.

ST IOR . B The colon (:) separates two statements and
? also comes from th®RGM menu. Presd6
and therF5 from this menu.

When you presgXE, the calculator showsa
EPEP TP EENFE - | SO that you can guess a value for

After entering the value, predsXE again to
check the value of the formula.

g-}H: 19:1 . 813K

ig The screen here shows that wher 10, the
21.819813321  population is abo@l.62 (million), which is not
enough.

EVEWIIEMIFE = | pressEXE again to guess a better value.

The screen shows that 30 gives a population

g-}H: 191 . 8138 of abou®8 million, which is too large.
i@ i

21.61951aaz| BYchoosing your next guess carefully after each
%B check, you should be able to get close to a solu-

27.99219544 | tion (a population close 25 million) fairly quickly.
COMJCTLEUMEL < | 4 T

Inferaction §

1. Use the Guess and Check method above to find the year in which the
population of Australia is predicted to reach 25 million.

2. Suppose that the population growth rate was actually 1.5% per an-
num. Write the equation you could use to predict when the population
will reach 30 million. Solve the equation to find the year.
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3. A magazine article, written in 1999, suggested that the population of
Australia would reach 50 million by the year 2050.
(@) Use the formula to write an equation that can be solved to find
what constant growth rate would have this effect.

(b) Solve the equation.

Y&
[ESMnEL JTYPEJCOLRRAH IR

gable Ranae

StartalA
End =38
| Filchil ]

Ml=12=1. 813"
n |

19 24. 284

20  2U.6
21 IEEE
22 25.244
24, 92022468
EAEIDEL JROL)] E-coH [G-FLT

Inferacrion T

A quicker way of using Guess and Check to solve
an equation approximately is to make a table of
values. Consider again the equation

25=19 x1.013"

In TABLE mode, ented9 x 1.013"asY1.

Use RANG (F5) to select a range of values
of z for the table. The screen here shows a start-
ing value ofz = 10 and a finishing value of

x =30, going up in stepsp(i tch) of 1.

Pres€ XE when all values are entered and con-
struct the table witiTABL (F6).

When you scroll down this table using the cursor
keys, you can see that after= 21 years, the
population is expected to be just a bit less than
25 (million), while after another year. € 22), it

is a little more thads million.

1. Usethe Tab | e mode witha Star t value of 21 and an End value of
22, with pitch = 0.1 to get closer to an exact solution to the population

equation.

2. Write a few sentences to explain why we would be a little uneasy
about continuing this sort of process to get more precise solutions.
3. Suppose that the population growth rate was actually 1.4% per an-
num. Write the equation you could use to predict when the population
will reach 30 million. Use a table to solve the equation to find the year.
4. A magazine article, written in 1999, suggested that the population of
Australia would reach 50 million by the year 2050.
(&) Use the formula to write an equation that can be solved to find
what constant growth rate would have this effect.
(b) Use atable to solve the equation.
(c) Which method do you prefer to use to solve this equation: a
table or the Guess and Check method of Interaction S? Justify

your choice.
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Inferacion U

Yet another way of solving the population equa-
tion is to draw a graph and then to trace it. In
this case, we want to find out whehx 1.013°
has the valu@5. So set' 1 =19 x1.013" as for
the table.

You need to select a viewing window carefully
In this case, we’ll consider values frdnto 30
(years from now) with the population likely to be
in the rang&0 to30 (million). The viewing win-
dow shown here will be adequate.

Draw the graph, usinQRAW (F6) and then
TRACE (F1) itto get a value close %= 25,
representing5 million population.

The screen here shows that the population after
15 years has only reached ab@a@tmillion, so
further tracing is needed.

1. Use the Graph mode with the view window shown previously to try
and get closer to a solution to the population equation. Compare this
result with that obtained by the previous two methods.

2. Use a graph to find out when the population is likely to reach 35 mil-
lion, assuming the growth rate stays constant.

3. The growth rate of Indonesia in 1999 was estimated by the CIA to be
1.46%, with a population of 216 million. At this rate, when would you
expect the population to reach 250 million? Use a graph to answer

this question.

Yet another way of solving the population equation is to udedd& mode of the
calculatorThis mode operates as a black box. That is, you give it the equation and
it gives you the solution, with little hint of how it achieved the solutioa. Wil
again solve the equatidf x 1.013% =25.

oLt
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Enter theEQUA mode. Then enter the Solver
(F3).



Eqr 1971, Bl "=25 Enter the equatioh9 x 1.013* =25. The expo-
S | nent can be entered using the hat K8y The
= sign can be accessed by pressSiyIF T
and then the decimal point kde sure to press
EXE to store the equation.

FOLH

You will note thatX=0 appeared on our screerouY screen may be fifrent.

This is the calculatos first approximation (guess) of the solution. It uses a rather
sophisticated method of solution but it is similar to guessing and checking in that it
iterates until it is happy with the accuracy of the solutibyjiou have some idea

of the solution and it is meraccurate than what the calculator suggests, you
should change th& value If not use the calculatsr attempt.

UseSOLV (F6) to solve the equation.

Ea: 19=1.813"==25
w=21. 24744983
LfL=25

Fat=23

[REFT

If the LTt andRgt (standing for left and right) are identical then the calculator
has found an accurate solution.

In some cases the calculator will fail to find a solution, andLthé andRgt

values will difer. You will be instructed tay again The calculator may ask you to
enter an approximation, so it is good to have used one of the methods you explored
earlier (if possible) so that you can get an idea of the solution.

Interaction V

1. Use the EQUA mode to solve the equation 1.20t +0.15 = 5 which was
one of the equations from our mobile phone investigation. Notice that
you can enter the equation into the So | ver with a T instead of an X,
unlike when in GRAPH or TABLE mode

2. Use the EQUA mode to solve the equation 30b +500 = 50b, which is
the final equation from Tyron and his father’s adventures.

3. Solve p? = 0.1 with an initial value of p = 20. How many times did it
take the calculator to find a solution?

4. Use REPT (F1) to solve p?® = 0.1 again, but this time with the first
approximationp = 100000 (or 1E5). Follow the directions given by the
calculator. Explain how this process differed from that you saw in
guestion 3.

5. You have now used four different methods to find approximate solu-
tions to the population equation. Which one do you prefer and why?
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3. y= 5z + 2, soforz =200,y =5 X 200 + 2 = 1002

4. MPA. With twice as many squares, some people might
expect that here should be twice as many toothpicks. But
this would count the joining toothpicks twice. In fact, there
are2(3z + 1) — z = 5z + 2 needed.

Interaction E

C($)| 0 [0.65]/0.65(1.30|1.30| 1.95|1.95
tun | 12| 2 | 24 24|23 3
C($)|2.60(2.60(3.25|3.25[3.90| 3.90
Some of the questions that have been asked do not have a
single correct answelin such cases, MR (which stands for ) 4
many possible answers) will be the answer supplied. In many ®) ———¢
cases, some supporting comment is supplied. 3 — o
Interaction A
2 o——e
1. (@) 0.65x12 = $7.80
(b) $1.20 %6 +0.15 = $7.35 !
2. $19.50, $18.15 0 e ‘ ‘ T T T >
3. $39.33, $36.45 0 0.5 1 15 2 2.5 . 3
t (mins)

Interaction B
) 3. For Company A26 lots of 30 seconds costs
1. X-values don't go up in steps bf so that mosX-values 26 X 0.65 = $16.90;

of interest do not appear
For Company B13 minutes costs

2. $19.50, $18.15 $0.15 + 13 X $1.20 = $15.75
3. Table will show costs for various times evébyseconds.

4. 4 mins 30 seconds for Company A,minutes45 seconds Interaction F

for Company B. 1. MPA, eg, graph of 4 is not connected (unlike tite CON

5. Company A, abous.8 minutes graph); more pointplotted than forG.PLT.

Company B, about minutes. 2. The graph iPLOT mode.

6. Company A if your calls are kept below5 minutes in 3. MPA, eg,G . CON is misleading as it gives the impression
duration, otherwise calls of the same duration are cheaper that there is a sliding scale between the end of one minute

through Company B. and the start of the next one; in fact there is a ‘jump’;
G.PLT is misleading as it gives the impression that only
Interaction C phone calls of certain lengths have an associated charge.
1. Company A20 = 1.30t, sot =~ 15.4 minutes. 4. MPA, eg Y1 has a sliding scale, so that phone calls of
Company B20 = 1.20t + 0.15, sot = 16.5 minutes length 1 minute and10 seconds cost less than those of
% 1 minute an@0 seconds (when in fact each costs the same).
2. $0.65
5. MPA, eg, Y5 is shown with a step graph, whil2 is
3. $1.35 shown as a stright line.
4. $2.35
5. 1.30t — (1.20t + 0.15) = 0.10t — 0.15 Interaction G
. 1. MPA, eg., the graph for Company A has twice as many
6. Check with your table ‘steps’ as that for Company B, since units36fseconds
7. Company B is better, except for small values. of are charged for instead of units of one minute.

2. Company A: $9.50, Company B: $8.15
Interaction D . .
3. Company A:<4 1/2 minutes, Company B<4 minutes
L. 4. Company A:<3 1/2 minutes, Company B<4 minutes
’ ’ > 5. MPA, for most calls, Company B is better; howesame-
2. 3% 8 + 1 = 25, which checks. times Company A is better (e.g. questin
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Interaction H Interaction K

1. MPA, eg, If P+ 2 = 5, thenP must be3, which also fits
with3P=9. ThenifP+ Q =17andP= 3,Q mustbd4. 1. y
Store the valuesandi4 for P and@), then clear the screen
and repeat the calculations shown.

2. A= 4,B=6;B =6 and is2 more tharA, soA = 4.

M =5andN =5; M — N =0, soM and N must be the
sameM + N = 10, so each must be

J=4, K =1;2J+ K isJbigger than/ + K and9 is 4
bigger thar, soJ = 4.

X =4,Y = -1, X + Yis 2Y bigger thanX - Y, «
s02Y = —2and soY'= —1. ThenX = 4.

3. MPA

Interaction |

1. MPA. One possibility is to choose thENIT view win-
dow, but there are many others such-a&s7 <z <9.9 and
—0.7 <y <5.5. In each case, the graph should be a line;
sloping upwards from left to right at an angld®flegrees
and intersecting the axes at(,0) and (,1).

y=-10z+1

2. MPA. Eg, one choice to produce a graph that sldpss y=-lr+l

steeply is th&TD view window for which each axis goes
from —10 to 10. One choice that produces a graph that
slopesmoresteeply is—1 <y <1 and—6.3 <z <6.3.

3. With theINIT view window the two lines are perpendicu-

y=10x+1
y=4z+1
z

b Y

AN

lar to each other; with the other winddis is not the case.

4. In each case, the graph is a line, sloping upwards left to right
and intersecting the axes @t£1) and (,0). With theINIT
view window the line is at45 degrees to the horizontal,
while it is less steeply sloping for the other window

5. With theINIT window the tracing goes up in stepgaf
on the z-axis and the pointl(5,2) is traced to directly 3,
With the other windowthe tracing goes up in less conven-
ient steps (0f0/26 = 0.07936507937) and the pointl(.5,2)
cannot be traced to directly

y=-Hr+1

6. Only (a) and (c) have the desired effect. (Each is a multiple
of the values from th&IT view window). There are (infi-
nitely) many other possibilities. Eg., add the same amount
to each of théNIT z-values to get-4.3 < z < 8.3 instead
of —6.3 <z <6.3, leaving the,-values the same.

8Y

|\

y=2x+1

Interaction J ,/
1. For each functiom,= 1 andm is the multiplier before the
2. The graph become steeper 4

3. The graph will be a reflection about the line= 1; The
graph is a line sloping downwards from left to right, rather
than upwards from left to right.

amount.

4. When the rate of change is zero, there is no change. So'gferaction L

thez values are the same for alvalues.

x

/

Y

. MPA, eg the angles donchange by the same amount each
time, even though the A values do change by a constant

2. When b is positive, the graph cuts the axis above the
z axis (i.e.,y >0); whenb is negative, the graph cuts the
y axis below the: axis (i.e.y <0).

3. The slope of the graph does not change, batadmnges
from 4 to 10, the point where the graph cuts theaxis
moves up.

4. Slope does not change, butiagoes from 4 to -10, the
point where the graph cuts theaxis moves down.
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Interaction M
1.
2.
3.
4.

Interaction N

1.

(i) 100 (i) 50 (iii) 17 1.
$530
$30 or less 9
1000

3

Forx = 3, each expression has a valué®fForx = 5, each
has a value df56 and forx = -2, each has a value df2. It
is much quicker to use the short expression.

1.

. —4a’+11a—3

2

. The expressions anetequivalent; Change the second one™

to2t* — 5t + 17. 3.

Interaction O

1.

Interaction P

1.

. (X+5)2=x +10x+ 25

X + 2x + 7 is 3 more thanX® + 2x + 4, so must be

(x+ 3)*# x> + 9 as the tabled values are generally differen}
(except for the case = 0).
1.

. Jarryd was corechx(2x + 1) = 5x X 2x + 5x X 1 = 10x?

+ 2x. Meg didn’t multiply5x by 1, while Peter multiplied 2.
2x by 1 instead of adding.

. (x=5)2=x—10x+ 25 3.

(x=7)%=x — 14x + 49 4.

(x—a)=x —2ax+a

. Kaye was incorrecBx’ x 5x = (3 X 5)(¢ x x) = 15%".

. All are described as correct by the calculator, although only

Interaction R

MPA, eg changing preferences for family sizes, migration
trends, improved health practices leading to lower death
rates, etc.

. For 1999, population wasl9 million and growth rate

was1.3%.

. MPA. Using data for question, P = 19(1.013)" = 21.6

million people.

Interaction S

21 years aftet999; i.e. near the ye&020.

19 X 1.015¢ = 30 givesx = 30.7, so near the ye&030.
(2)19 x (1 + x)°* = 50.

(b)x = 0.019, so the growth rate i59%.

nteraction T

X is closer t®21.2 than21.3.

It's not sensible to get an answer that is too precise as the
growth rate is unlikely to be constant anyway

19 x 1.014* = 30 givesx = 33, so the year is arour2632.
(a)19 x (1 + x)™ =50

(b)x = 0.019, so the growth rate 59%.

(c) MPA. Some people find the table method mofieient.

the first one is generally true. = 0 is a special case, for Interaction U

which the given equalities are true, although not generally
true.

w

(x+ 1)? # X + 1. Generallythe graphs of = (x + 1)*and
ofy = X’ + 1 are different, intersecting only at= 0.

(x+7)% =X + 14x + 49 1.

2.
(x+1)° + 3 + 3. Thatis)® + 2x + 7 = (x +1)° + 6. 3.

. The graphs of = x(x + 1) — x(x — 1) andy = 2x are the

same. 4.

XX+ 1) —xxX—1)=x+x— X+ X = 2X.

. No. The graph off = x* + 4 does not show on the INIT

screen. © see this, draw the graph and then press the ép
arrow key (twice).

Interaction Q

1.

(i)3848cnt (i) 404.64 cm’

(iii) 179.59 cm?

. Volume ist51.59 cn?: the amount of metal 830.12 cnf.
. MPA. Our can wad 2.5 cm high ands.5 cm in diameter

but was not precisely a cylindek cylinder with these
measurements would holds cm2, or415 mL, but the can
label showed onl§75 mL. The can is not filled completely

.3M=M+M+MandM?=MMM =M X M X M.
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The closest value s= 21.19. This result is similar to the
previous result.

. After about47 years, or aroun246.
. Draw the graph of = 216 x 1.0146*and trace to find where

y = 250 andx = 10, so the year is aboR009.

Interaction V

t=4.04
b=25

x = 0.891, which takes two attempts, since the initial value
is much larger than the actual solution.

The initial value is so far away from a solution that the
calculator suggests that you adjust the initial value and try
again.

MPA
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